In vitro experiments and an elastic wave model were used to analyze how stress is induced in kidney stones by lithotripsy and to test the roles of individual mechanisms-spallation, squeezing, and cavitation. Cylindrical U30 cement stones were treated in an HM-3-style lithotripter. Baffles were used to block specific waves responsible for spallation or squeezing. Stones with and without surface cracks added to simulate cavitation damage were tested in glycerol ͑a cavitation suppressive medium͒. Each case was simulated using the elasticity equations for an isotropic medium. The calculated location of maximum stress compared well with the experimental observations of where stones fractured in two pieces. Higher calculated maximum tensile stress correlated with fewer shock waves required for fracture. The highest calculated tensile stresses resulted from shear waves initiated at the proximal corners and strengthened along the side surfaces of the stone by the liquid-borne lithotripter shock wave. Peak tensile stress was in the distal end of the stone where fracture occurred. Reflection of the longitudinal wave from the distal face of the stone-spallationproduced lower stresses. Surface cracks accelerated fragmentation when created near the location where the maximum stress was predicted.
I. INTRODUCTION
Despite over 20 years of clinical practice and fundamental research, a complete physical explanation of stone comminution by lithotripsy remains unknown. Incomplete understanding is evidenced by rising retreatment rates despite the release of over 40 lithotripter designs over the history of shock wave lithotripsy ͑SWL͒.
1-3 The goal of this paper is to explain how a specific stone fractures by using a theoretical model to simulate the combined effect of many mechanisms and by using the model and experiment to test the role of individual already-described mechanisms of inducing the stress that leads to stone fracture. Stone fracture is similar to fracture of any brittle object and can be considered as a process whereby cracks form, grow, and coalesce as a result of internal stresses, in this case, generated by the externally applied lithotripter shock wave ͑Fig. 1͒. Cracks are presumed to initiate at locations where the stress exceeds a critical value. Cracks grow and coalesce under the repetitive loading and unloading in a process called dynamic fatigue, and common practice indicates several lithotripter shock waves are required to fracture stones. 4 Generally, the process of crack growth can be studied using existing methods of fracture mechanics, for instance, using the cohesive zone model. [5] [6] [7] Although the described scenario of fracture is agreed upon, this knowledge in itself does not help in predicting stone fragmentation without knowing the mechanisms of how appropriate stresses are generated inside the stone.
A. Direct physical mechanisms of shock-waveinduced stress
Several physical mechanisms, i.e., ways stresses leading to stone fracture are generated, have been proposed, but there is no consensus on the roles of these various mechanisms. The two primary mechanisms directly resulting from the shock wave ͑SW͒ and investigated here are spallation due to reflections of longitudinal waves within the stone 8, 9 and squeezing due to circumferential stresses generated by shock waves outside the stone. 10 In spallation, the distal surface of a stone in liquid or tissue is an acoustically soft interface, generating a reflected tensile wave from the initially compressive longitudinal shock pulse ͑Fig. 1͒ that enters and propagates through the stone. 11 With a flat distal surface, spallation yields a maximum tension within the stone where the reflected tensile wave overlaps the negative tail ͑Fig. 1͒ of the incident wave; the distance of this maximum from the distal surface, l, is fixed by the pulse length alone: l = c l ⌬t / 2, where c l is longitudinal wave speed in the stone and ⌬t is time delay between the positive and negative peaks in the acoustic waveform. For instance, if c l = 3 mm/ s ͑typical value for kidney stones͒, then for the waveform of Fig. 1 that has ⌬t Ϸ 2 s, this formula predicts l Ϸ 3 mm, which is close to the experimental observations. The predicted spall-formed failure sur-face is orthogonal to the shock wave propagation and appears close to the distal surface of the stone. With a curved distal stone surface, the position of the maximum depends on the curvature, and the maximum can be intensified by focusing of the reflected wave. [12] [13] [14] In squeezing, the shock wave is assumed to be broader but shorter than the stone and travels in liquid along the side surface of the stone creating circumferential stress on the stone. 10 Eisenmenger 10 supposed that the wave velocity in the fluid is much lower than the elastic wave velocities in the stone, i.e., the longitudinal wave moves through the stone leaving the thin shock wave in the fluid encircling and squeezing the stone in a quasi-static manner. As a result, tensile stresses are created near the proximal and distal ends of the stone, which gives rise to a fracture parallel to the wave-propagation direction.
There is experimental evidence for both mechanisms. The spallation mechanism is supported by the fact that generally stones appear to break first in two pieces with the fracture in the distal end of the stone. Figure 2 shows a typical break for a cylindrical U30 model stone. 15 A fracture occurred about one-third of the length from the distal end and has frequently been attributed to spallation. 8, 9, 16 A lithotripter designed to emphasize the squeezing mechanism with a broad ͑less-focused͒ shock wave that extends laterally well beyond the width of the stone has been shown to be clinically efficacious, 17 and modeling shows squeezing could account for the observed fracturing in half of stones. 10, 18 Neither mechanism alone explains both these results, which supports either a combination of these two mechanisms or a separate mechanism.
B. Indirect physical mechanisms of shock-waveinduced stress
In addition to the direct mechanisms, the lithotripter produces cavitation that can generate stress in the stone and cause fracture. 19 Cavitation-of individual bubbles or clusters of bubbles in fluid near the stone surface-creates localized pressure and stress waves that diverge. Localized stress initiated at the stone surface can be created by direct impact of a fluid jet formed by asymmetric bubble or cloud collapse, and stress can be created by SWs generated by asymmetric or symmetric collapse. SWs are generated by the halting of the inrushing fluid by the compressed contents of a symmetric bubble or by the water jet forcibly impinging the fluid on the opposite side of an asymmetric bubble. These SWs can have much higher peak pressures than the lithotripter shock wave; however, individual collapse emissions are spherically diverging and lose amplitude rapidly with propagation distance. 20 Cavitation, by these mechanisms, induces stress at a localized region on the stone surface.
As with the direct mechanisms, there is substantial evidence cavitation plays a role in stone comminution in SWL. Stones have been shown not to fragment when cavitation is suppressed by static pressure, 21 viscous fluid, 22 or shock wave modification. 23, 24 Pits and fractures in the proximal face of the stone ͑Fig. 2͒ have commonly been attributed to cavitation. Here, we focus on the fracture in two pieces at the distal surface. X-ray computed tomography images of U30 model stones treated in a Dornier HM-3-clone lithotripter indicate that these fractures grow from the surface of the stone inward ͑Fig 3͒. 25 Pishchalnikov et al., 26 with a similar HM-3-clone lithotripter, observed not only a substantial jet through a large cavitation cluster on the proximal face of the U30 stone but a ring of bubbles around the stone near the distal end ͑Fig. 4͒. The jet was approximately 1 mm in diameter, and other evidence indicates jet velocities can reach 100 m / s. 27, 28 Spherically diverging shock waves resulting from bubble collapse were observed with shadowgraph imaging. Experiments also showed that cracks were generated at the proximal and side surfaces. Sapozhnikov et al. 29 used the linear elasticity model described in this paper to determine that elastic waves in the stone created a low pressure that encircled the stone near the distal end. This low pressure yielded a particularly long growth and collapse cycle in a single bubble modeled with the Gilmore equation, 20, 30 and was therefore used to explain the existence of the cloud ring encircling the stone. It is not known whether the cavitation collapse on the proximal surface imparts stress that leads to fracture of the distal end or if pitting by the cavitation ring contributes to this fracture.
C. Effort to model stone comminution in SWL
Numerical models reveal information perhaps not detected in experiments and make possible parametric studies of the effect of variables difficult or time-consuming to control in experiments. For example, the following models developed specifically for application to SWL have been used to simulate effects of varying the shock wave delivery rate, numbers of cavitation bubbles, stone shape, stone material, lithotripter waveform, and beamwidth. Tanguay and Colonius 31 have coupled a prediction of the acoustic field with a model of the bubble cloud behavior near a rigid stone surface, and predicted an optimal shock wave delivery rate. Zabolotskaya et al. 32 have focused on the bubble-bubble interactions near a rigid stone. Dahake and Gracewski 12, 13 developed a linear elastic model of stress waves within the stone that they tested against spherical and oval model stones. LeVeque 33 has coupled nonlinear acoustic and nonlinear elastic models in what is called CLAWPACK and has reported initial results of medical shock wave interaction with bones. Cleveland and Sapozhnikov 18 recently modified the linear elastic approach in order to pinpoint the location of maximum stress for comparison with the location of initial fracture in model stones.
D. Scope of this paper
In this paper, action of a shock wave on a stone is studied using a finite difference model in the approximation of linear elasticity, and by visual observation of fracture in U30 model stones. First, the theoretical model is used to describe as a whole the mechanisms involved in producing the maximum stress in the stone. Second, the role of individual mechanisms is tested numerically and experimentally. The end point of the experiments was fracture of the stone into two pieces as shown in Fig. 2 or a predetermined maximum number of SWs without fracture. Location of the calculated maximum stress is compared to the location of fracture determined experimentally, and relative amplitude of the maximum stress is compared to number of SWs to fracture. The scope is restricted to the first fracture into two pieces, not full comminution, of a specific stone model of one shape and composition. If suppressing one mechanism did not cause an increase in the SWs required for fracture, it was interpreted that the mechanism was of lesser importance and could not alone explain the fracture. The following hypotheses were tested.
If spallation is the sole mechanism: Stones will fracture at the distal end as shown in Fig. 2 ͑Spallation Test 1͒. Stones of different length will fracture the same distance from the distal end ͑Spallation Test 2͒. Blocking transmission of the SW through most of the proximal face will increase the number of SWs to fracture ͑Spallation Test 3͒.
If squeezing is the sole mechanism: Blocking transmission of the squeezing wave will increase the number of SWs to fracture ͑Squeezing Test 1͒. The shape of the tip or the tail of the stone will not alter the number of SWs to fracture ͑Squeezing Test 2͒. Blocking the entire proximal face of the stone will not alter the number of SWs to fracture ͑Squeez-ing Test 3͒.
If cavitation is the sole mechanism: Jet impact will produce high stress in the region of fracture ͑Cavitation Test 1͒.
If cracks formed by cavitation are significant in fracture: Stones in a cavitation suppressing medium will have a higher number of SWs to fracture than stones in a cavitating medium ͑Cavitation Test 2͒. Stones with surface cracks but in a cavitation suppressing medium will have the same number of SWs to fracture as stones initially without surface cracks in a cavitation supporting medium ͑Cavitation Test 3͒.
II. THEORY

A. Description of the model
A linear elastic model was used to simulate the stress wave propagation within a kidney stone. The model is described in the paper by Cleveland and Sapozhnikov. 18 Here, we summarize the model, list the material properties used, and describe the predicted parameters to be compared to experiment. Kidney stones exhibit a brittle behavior, i.e., little or no visible plastic deformation precedes the fracture; 7, 34 
͑8͒
When the stone is surrounded by liquid, appropriate boundary conditions should be used for velocities and forces. However, it is more convenient and valid to consider the liquid and stone as one inhomogeneous medium whose parameters , , and are functions of the spatial coordinates. In this approach there is no need to consider the stone boundary separately, i.e., the boundary conditions are accounted for automatically. 18 This approach also allows introducing inhomogeneity to the stone structure. Here, only uniform U30 stones are modeled and the physical properties are density = 1700 kg/ m 3 , longitudinal sound speed c l = ͓͑ +2͒ / ͔ 1/2 = 2630 m / s, shear wave speed c s = ͑ / ͒ 1/2 = 1330 m / s, which corresponds to = 5.8 GPa, and = 3.9 GPa. Values for water are = 1000 kg/m 3 , sound speed in liquid c l = 1500 m / s, and = 2.25 GPa. 18 Water is assumed not to support shear: = 0. All calculations are lossless.
To solve Eqs. ͑3͒-͑8͒ in finite differences, the partial differential equations are discretized using a central differencing scheme with staggered grids both in space and in time. 18, 35 Velocity and stress in the stone are initially set to zero. The initial conditions in the liquid correspond to the traveling shock pulse. Although arbitrary initial pressure distribution is possible, in this paper we suppose that the initial pulse is a plane wave. This approximation is supported by the existence of a Mach stem during weak shock focusing in a Dornier HM3 lithotripter. 4 It is supposed that a lithotripter shock wave is initially located in the liquid 5 mm to the left of the stone and propagates to the right as a plane wave. For such a plane wave,
The acoustic pressure waveform P͑t͒ at the initial position z = z * was a classic lithotripsy pulse modified with a hyperbolic tangent function to provide a smooth shock front:
, where P 0 is peak pressure, t s is the shock front thickness, and t L = 1.1 s and f L = 83.3 kHz control the pressure waveform. The wave is an analytical approximation to the measured wave shown in Fig. 1 . We used P 0 = 50 MPa, which is roughly the amplitude produced by our lithotripter, 36 and t s = 100 ns, which is the rise-time measured in vivo. 37 Elastic waves in a cylindrical U30 stone with diameter 6.5 mm and length 8.5 mm were modeled. The calculation region was a cylinder of 20 mm diameter and 30 mm length, and calculations were completed before reflections from the region boundary reached the stone. The typical spatial grid step was h z = h r =50 m and the temporal step was h t = 0.5h z / c l Ϸ 10 ns, which was sufficient to maintain stability and accuracy.
In this paper, the maximum principal tensile stress is the value reported. In the considered axisymmetric case, the three principal stresses are:
2 + rz 2 and III = . The maximum principal tensile stress max = max͑ I , III ͒ is an appropriate parameter to characterize shock wave impact on kidney stones, because brittle materials, such as kidney stones, are typically weakest in tension. Calculated results reported here show max on a discretized slice of the stone at a snapshot in time, for various subsequent times. The stress max is plotted on a fixed scale blue −70 MPa to red +70 MPa, where minus indicates compression. In the on-line version color images are used on a scale blue −70 MPa to red +70 MPa. The stress field at the instant of peak max is referred to as the peak stress field. The field plotted as the maximum tension recorded over the duration of the simulation at each location in the stone is referred to as the max field and indicates where the highest tension occurred. Other relevant parameters such as maximum strain or maximum shear stress do not produce markedly different stress field maps. 18 To aid interpretation of the results, the divergence of the particle velocity was used to identify waves traveling at the longitudinal wave speed, and the curl of the particle velocity was used to identify waves at the shear wave speed. Table I shows the simulated experiments conducted to test the nine hypotheses. Diameter of the cylindrical portion of all stones was 6.5 mm. Acoustically reflective disks and baffles were simulated as pressure release media with low wave velocities: c l =3 m/s and c t = 1.5 m / s. For Cavitation Test 1, a 1-mm-diam cylinder of fluid with velocity 100 m / s normal to the stone was modeled impacting the stone. In this case alone, the lithotripter shock wave was not modeled; only the stress induced by direct impact of the fluid jet on the stone was calculated. This jet is a simplified model of the complex cavitation process, but it is intended to give an approximation to the localized stress created in cavitation collapse. Cavitation Test 3 was simulated with the stone in glycerol ͑ = 1260 kg/ m 3 , c l = 1980 m / s͒ and with the stone in water. Both showed similar stress concentration at the cracks. Results of the stone in water are shown for simpler comparison to the other figures.
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B. Test of mechanisms
III. MATERIALS AND METHODS
Experiments were conducted in the water bath of a research lithotripter 36 modeled after the unmodified ͑80 nF capacitor͒ Dornier HM3 electrohydraulic lithotripter ͑Dornier GmbH, Germany͒. The reflector was mounted in the tank so that the acoustic axis was horizontal, normal to gravity. Experiments were conducted at 1-Hz repetition frequency and 18 kV charging potential. Room temperature water was filtered through 10 m pores before filling the tank and conditioned to 600 S / cm and a 25%-30% gas saturation level. Refurbished electrodes ͑Service Trends, Kennesaw, GA͒ were used after conditioning with 150 shock waves and were replaced after 2000 shock waves.
Model stones were made from Ultracal-30 ͑U30͒ gypsum ͑United States Gypsum, Chicago, IL͒. The only modification to the recipe defined by McAteer et al. 15 was the use of a plastic mold with pieces that were separated to remove the stones rather than using chloroform to dissolve plastic molds ͓Fig. 5͑a͔͒. As described previously, 15 the U30 gypsum was mixed for 10 min, poured into molds, and allowed to solidify under water for 24 h. Also as described previously, 15 the gypsum settled some in formation and the lower surface of the stones was slightly harder than the upper surface of the stone. The stones were stored under water and then were removed briefly to place them in the lithotripter bath. Separate stones were dried and resubmerged for 48 h and produced statistically the same results as stones that were never dried. All stones were used within two weeks of preparation.
To test the nine hypotheses listed in Table I , stones of the shapes and dimensions described in Table I were made.
All cylindrical stones were positioned in the lithotripter with the hard surface ͑the lower end in preparation͒ facing the shock source. In Squeezing Test 2, the conical point was the hard surface and pointed either toward or away from the source. In Cavitation Tests 2 and 3, stones were dried for 1 week, placed in 2 mm of glycerol for 1 day to permit wicking into the stone, and then submerged in glycerol for a week. In Cavitation Test 3, a razor blade and a plastic stone holder were used to score a groove encircling stones 2, 3, or TABLE I. Description and illustration of the numerical tests of the nine hypotheses. Dark objects are acoustically reflective barriers. The proximal face, where the shock wave enters, is circular and on the left facing to different degrees out of the page. 4 mm from the distal end. The groove was nearly triangular in cross section with a 0.5 mm depth and maximum width of 0.5 mm. In Spallation Test 2 and Squeezing Test 3, the stones were dried for 2 days; a 1-mm-thick corprene disk was glued with epoxy on the proximal face of the stone and allowed to dry for 1 day; and then stone and disk were submerged in water for 1 week. In Squeezing Test 1, a 1-mm-thick corprene baffle was fit without glue around a wet stone. SW pressure transmission through the corprene measured by hydrophone was less than 5%. A number of stones, N, were tested for each experiment, and the number of SWs to fracture were recorded for each stone. Average number for several stones is presented as mean± standard deviation.
Stones were fixed axisymmetrically in the acoustic field with the proximal face at the external focus of the lithotripter. The specially designed stone holder was a 5-cm-diam polycarbonate ring with three spring loaded plastic arms that held the proximal edge of the stone with repeatable force ͓Fig. 5͑b͔͒. The 2-mm-diam arms could be mounted at two positions along the 5 cm length of the holder ͑4 and 25 mm from the holder aperture͒. For Cavitation Tests 2 and 3, the holder was capped with foodservice plastic wrap ͑25 m high density polyethelyene͒ and filled with glycerol. Trapped air bubbles were removed through ports in the holder. For the glycerol experiments only, the stone was held with the arms 4 mm from the plastic wrap in an effort to minimize the length of the path through the glycerol, which is more attenuative than water. Glycerol has been used by other researchers to suppress cavitation to investigate comminution mechanisms in SWL. 20, 22 A CCD camera ͑Sony CCD-IRIS, Nikon 28-80 lens͒ mounted outside the acrylic water-filled lithotripter tank recorded movies to laptop computer ͑ULead card and software, Torrance, CA͒. The number of SWs to fracture and the position of this fracture along the length of the stone were recorded. The position of the break was also measured from the recovered fragments. The experimental end point was detecting fracture or completing a fixed maximum number of SWs without detecting fracture. The number was fixed for each test but varied from 200 to 250 to 300 between tests. Specific limits are listed with the results. Figure 6 includes a sequence of images showing the shock-wave-induced maximum principal stress within a U30 stone at specific times. The corresponding time is written in the upper right corner of each frame. At t = 0 a longitudinal wave propagating in water approaches the stone. Then it enters the stone ͑t =1 s͒ and moves ahead of the shock wave in water, because the longitudinal speed in the stone is higher than the sound speed in water. When this longitudinal wave reaches the back end of the stone, it reflects and inverts ͑t =4 s͒, creating a thin vertical region of tensile stress indicated by the dashed arrow. This process is called spallation. The region is faint indicating low tensile stress, and the stress does not change greatly over the distal third of the stone. Following the longitudinal wave is a conical wake, compressive in the water and tensile in the stone ͑marked by arrows at t =3 s͒ that is generated at the surface of the stone, where the longitudinal wave travels faster than the shear wave in the stone and the sound wave in water and therefore creates a "supersonic" source at the stone surface. Traveling at the sound speed in water along the stone surface and encircling the stone is the shock wave ͑marked by dotted arrows at t =1 s͒, and it creates squeezing. The frame at 2 s yields little time for dynamic wave effects to develop and is therefore the best frame to compare to the static idea of squeezing. In this frame the stress due to squeezing is low amplitude and localized near the surface of the stone. Shear waves generated at the proximal corners of the stone ͑shown by solid arrows at t =4 s͒, track the shock wave propagation along the surface of the stone, and focus in the distal half of the stone ͑t =5 s͒. Because the shear wave speed in the stone is close to the sound speed in water, the squeezing wave reinforces the shear wave and this shear wave adds to the weaker stress due to spallation to create the highest tensile stress within the stone. The peak max is 100 MPa, is on axis, and is 3.5 mm from the distal surface.
IV. RESULTS
A. Mechanism described by the numerical model
This result of the model can be termed "dynamic squeezing." 18 Here, the predicted process is labeled "full model." The peak max occurs 3.5 mm from the distal end on axis. The shortest route to the stress release of the stone surface is in the radial direction. Thus, an orthogonal fracture at 3.5 mm is the most logical interpretation. The modeled time sequence ͑Fig. 6͒ illustrates that spallation and squeezing are present, but the shear wave initiated by the corners of the stone and driven by the squeezing wave traveling along the stone ͑dynamic squeezing͒ leads to the greatest stress. In the Sec. IV B, tests of the roles of these individual mechanisms and the interpretation of the simulation are reported.
B. Test of mechanisms
The results are summarized in Table II . Data were found to support and to contradict each mechanism. However, the process described by the linear elastic model consistently explained the results.
If spallation is the sole mechanism, stones will fracture at the distal end as shown in Fig. 2 (Spallation Test 1) : All standard stones fractured in two at the distal end ͑Fig. 2͒ with what has been termed classic spall fracture or spalling. 16 Standard stones yielded a peak max of 100 MPa, 3.5 mm from the distal surface ͑modeling͒, and fractured normal to the cylinder axis after 45± 10 SWs ͑N =10͒ at 3.6± 0.2 mm from the distal surface ͑experiment͒. Location of fracture agreed well with the location of calculated maximum tension.
This result is the most compelling evidence for spallation. The fracture location is in excellent agreement with the distance l Ϸ 3 mm from the distal end that was predicted for a plane wave in Sec. I. The location is also in good agreement with the broad location of the maximum stress due to spallation seen in the simulation. The region is broad because the negative tail of the shock wave is long.
However, when the model was used to track stress produced only by the longitudinal wave and its reflection, what we have defined as spallation, the maximum tension is much lower, less than 50 MPa. In fact, according to the modeling, the true maximum stress induced by reflection of the longitudinal wave occurs within 1 mm of the distal end and does not exceed 20 MPa. The reason is a shortening of the longitudinal wave due to diffraction at the stone edges. Thus, the full model predicts the location of maximum stress that agrees well with the location of fracture, and the fracture looks like spallation. But the model indicates that the spallation mechanism is not solely responsible and contributes only a small portion of tension where the fracture occurs.
If spallation is the sole mechanism, stones of different length will fracture the same distance from the distal end (Spallation Test 2): Although stones of different lengths broke with classic spall fracture, fracture in longer stones occurred farther from the distal end. The result contradicted spallation. Figure 7 shows the results. Although the predicted location of maximum tension due to spallation is constant in all stone lengths, fracture was farther from the distal end in longer stones. The result that fracture distance increased with stone length was also observed by Xi and Zhong 14 with larger cylindrical stones.
FIG. 6. Calculated results
showing the maximum principal stress max in a slice of the stone in a time sequence. The stress max is plotted on a fixed scale blue −70 MPa to red +70 MPa, where minus indicates compression. In the on-line version color images are used on a scale blue −70 MPa to red +70 MPa. The SW contacts the stone at t = 0. The arrows in some of the frames indicate direction of propagation of specific waves, with each arrow starting at the corresponding wave front. At t =1 s, the solid arrow represents the compression longitudinal wave in the stone, and two dotted arrows outside the stone show the compression associated with the shock wave propagating in liquid. This wave gives rise to the dynamic squeezing effect. At t =3 s, arrows show two leaky waves that are generated on the stone surface by the longitudinal wave propagating inside the stone: The dotted arrows show the divergent conical wave front of a pressure wave in water and the solid arrow indicates the convergent conical wave front of a shear wave in the stone. At t =4 s, solid arrows start at the wave front of the convergent shear wave that is generated at the proximal corner of the stone and reinforced by the longitudinal wave propagating in water ͑shown by dotted arrow in 1 s frame͒, this wave creates the highest tensile stress and can be interpreted as dynamic squeezing. The dotted arrow at t =4 s shows a longitudinal wave of tension that appears because of reflection of the compression wave from the distal end of the stone; this wave is associated with the "spallation" mechanism. The region of high tension seen at t =5 s in the central part of the stone is a result of the shear dynamic squeezing wave with little contribution from the longitudinal spallation wave. Figure 7 shows fracture occurred consistently approximately 1 / 3 of the length from the distal end. Calculated peak max did the same. This one-third point is the location where the shear wave traveling at 1330 m / s meets the reflected longitudinal wave traveling at 2630 m / s. The constructive interference of these two waves produced the peak max as seen in Fig. 6 ͑t =5 s͒. The simulations show that both the reflected wave and the focused shear wave maintain a level amplitude for several millimeters around the one-third point.
If spallation is the sole mechanism, blocking transmission of the SW through most of the proximal face will increase the number of SWs to fracture (Spallation Test 3):
In the corresponding experiment a 4.5 mm corprene disk was placed on the proximal surface of the stones and prevented the longitudinal SW, responsible for spallation, from entering the stone, yet stone fracture was unchanged with and without the disk, which indicates the fracture mechanism was not spallation. With the shield in place it took 50± 20 SWs ͑N =8͒ to break the stone and the fracture was 3.5± 0.1 mm from the distal end, which was not significantly different from the case without the baffle. Comparison of Fig. 6 and the left column of Fig. 8 shows that although the longitudinal wave is attenuated by the small proximal disk, the location and amplitude of peak max were little affected. Calculations, both with and without the baffle, yielded peak max equal to 100 MPa at distance 3.5 mm from the distal end. Based on Spallation Tests 1-3, the fracture in these experiments does not appear to be due to spallation.
If squeezing is the sole mechanism, blocking transmission of the squeezing wave will increase the number of SWs to fracture (Squeezing Test 1):
The result of the corresponding test supports squeezing. The baffle ringing the stone's proximal edge blocked the squeezing wave, and the stones did not fracture. The baffle did not cover the proximal or distal faces of the stone but presented a barrier to acoustic waves traveling in the water along the stone. The right column of Fig. 9 shows the calculations. The proximal baffle significantly reduced stress deep in the stone, and the stress produced with the distal baffle was very similar to the case without a baffle ͑Fig. 6͒. Correspondingly, no stones with the proximal baffle fractured before the maximum number of applied shock waves, 300, of this experiment ͑N =3͒. Stones broke in 40 SWs with the distal baffle which was not statistically different from the results with no baffle.
The result indicates the squeezing wave is an important contributor; however, the simulations ͑Fig. 6͒ indicate that the maximum stress grows over time, which is not what would be expected of the static model of squeezing. Unlike a static field induced by hoop stress, the dynamic stress field in the simulations shows a shear wave generated at the corners of the stone and focusing toward the distal axis of the stone. The shear waves appear to be reinforced by the squeezing wave traveling along the edge of the stone at nearly the same speed as the shear wave speed. Thus, the mechanism is more complicated than and differs from the quasistatic squeezing mechanism proposed by Eisenmenger, 10 but the source is the wave encircling the stone in both cases.
If squeezing is the sole mechanism, the shape of the tip or the tail of the stone will not alter the number of SWs to fracture (Squeezing Test 2):
The result of this test did not support squeezing. Although the squeezing wave was little FIG. 7 . ͑Color online͒ Plot of the distance, l, between the fracture and the distal end vs stone length, L. The fracture occurs farther from the distal end for longer stones whereas spallation should occur repeatably at the same distance, 3.1 mm, based on only the shock wavelength ͑dotted line͒. The solid line corresponds to the distance l = L /3.
FIG. 8. The stress field calculation for Spallation Test 3 ͑left͒ and Squeezing
Test 3 ͑right͒, where a small reflective disk is positioned on the proximal face of the stone to prevent transmission of the longitudinal wave responsible for spallation from entering the stone. Note no vertical longitudinal wave front is seen entering either stone. When the disk does not cover the proximal edge ͑disk 4.5 mm diameter, left͒ the stress pattern and amplitude does not differ significantly from Fig. 6 , the maximum stress field without the disk. The calculation indicates spallation does not contribute significantly to the stress in the U30 stone. When the disk covers the entire front surface ͑disk 6.5 mm diameter, right͒, stress is still present inside the stone but at reduced amplitude. The result is not explained by static concept of squeezing. The photographs show the fractured stone with the small disk and a still intact stone with the large disk.
changed by the shape of the stone, stones with a proximal conical point required many more SWs to fracture than standard cylindrical stones or stones with a distal point. The stress induced by squeezing in conical stones is the same as in the cylindrical stones since it depends only on the SW amplitude in the water. Figure 10 shows the results of simulation and the images after fracture. With the conical tip on the proximal side, predicted stresses within the stone are very low, and no fracture was observed after 200 SWs ͑N =3͒, which was the maximum number applied. Although the distal end is cylindrical, the conical tip increases significantly the number of SWs required to fracture the stone. The time sequence of the simulations in Fig. 10 compared to those in Fig. 6 reveals that the tapered conical point did not produce a strong and focused shear wave as was generated at the corners of the blunt end of the cylindrical stone. High stresses were calculated on the distal surface and after ϳ25 SWs a crater 4 mm in diameter and Ͻ1 mm deep formed. With the tip on the distal end, high stresses, produced by the shear wave generated at the blunt proximal face, were calculated in the conical region, and the conical section fractured after 40 SWs.
If squeezing is the sole mechanism, blocking the entire proximal face of the stone will not alter the number of SWs to fracture (Squeezing Test 3):
The result of this test did not support static squeezing but supported that the fracture was caused by the shear wave initiated at the proximal corners and strengthened along the side surface of the stone by the liquid-borne lithotripter shock wave. With the whole face covered by a corprene disk, low stresses were predicted in the stone, and stones broke after 212± 53 SWs ͑N =8͒ including three cases where the stone had not broken after 250 SWs, the maximum in this experiment. The distal third of the stone also did not break cleanly from the stone; it splintered into about three pieces. The squeezing wave was largely unaltered as diffraction at the disk is small, but many more SWs were required to fracture the stone, because the shear wave was suppressed.
As a whole, these six tests are in agreement with simulations by the model and the description of the mechanism of creating maximum stress in the stone provided by the model. In the standard stone ͑Fig. 6, t =5 s͒, the peak max was in the distal end where the fracture occurred. Stress due to spallation was calculated to be low, but added to the primary   FIG. 9 . Comparison of the stress field calculated for Squeezing Test 1 with a reflective baffle around the distal face ͑left͒ and proximal face ͑right͒ of the stone. The distal baffle case is little different from the no baffle case in Fig. 6 . Adding the baffle on the proximal face blocks the squeezing wave and significantly reduces the stress particularly at the distal end of the stone. Thus inhibiting the squeezing wave, for example with a narrow focus, reduces the stress induced in the stone. The images at the bottom are photos of the stones taken during shock wave application. The 1-mm-thick baffle was made of corprene. The photograph on the left was taken at the time of fracture.
FIG. 10. The stress field calculated for a conical stone with the point distal ͑left͒ and proximal ͑right͒. The squeezing wave is unaffected in each but the stress is much less with the proximal point. The difference is that the proximal point does not create a strong shear wave, because it does not contain a sharp corner. The result with the distal point is little different from the cylindrical case Fig. 6 . Focusing of the shear wave in the cylindrical and the distal conical cases is responsible for the peak tension. The stone in the left photograph shows fracture at the location of max , and the right stone did not fracture.
mechanism, which was dynamic squeezing where the shear wave focused from the corner of the proximal face and was reinforced by the squeezing wave. However, cavitation, likely present in the experiment but not present in the model, was not considered.
If cavitation is the sole mechanism, jet impact will produce high stress in the region of fracture (Cavitation Test 1):
Although from the first few SWs, experiments showed pits on the proximal and distal surfaces, which is indicative of cavitation, simulation of a cavitation jet impact did not yield high stress at the distal end of the stone where fracture occurred. In Fig. 11 only, the model was used to simulate the force of a 100 m / s water jet ͑1 mm in diameter͒ impacting the stone. The result seen in Fig. 11 is that high maximum tension was localized to the region of jet impact. Significant stresses did not appear in the distal portion of the stone except on the distal surface. These distal stresses were due to surface shear waves traveling the surface of the stone and refocusing on the distal surface. As shown previously, 12, 13 the stress of impact in the stone acts as a point source, and losses due to divergence within the stone rapidly weaken the wave. Figure 11 shows some numerical dispersion, and a sufficiently small grid was not obtained to remove it. The dispersion weakens the wave artificially; nevertheless, there was no evidence that further refining the grid would reveal significant stress across the distal third of the stone. From this result, it is apparent cavitation contributes to the pitting erosion on the surface of the stone ͑Fig. 2͒ but does not appear to contribute directly or strongly to the fracture, because it induces no strong stress in the region of the crack.
If Stones with the etched band 2 mm from the distal surface required 17± 6 SWs ͑N =8͒ to break in glycerol. The fractures were conical as might be predicted by the calculated peak maximum tensile surface, a two-dimensional view of which is shown in Fig. 12 . Thus with cavitation suppressed, the stones did not break unless an etched band ͑representing cavitation damage͒ was present, and the fracture pattern was predictable with the model.
When the etched band was placed 3 or 4 mm instead of 2 mm from the distal end, fracture was not as rapid. However in water, 17± 8 SWs ͑N =5͒ were required to break a stone with an etched band at 4 mm, which is not statistically different from the etched stone in glycerol. The sensitivity to location of the etch is likely due to the faster sound speed in glycerol, but the similarity in number of SWs to fracture indicates that glycerol had little effect other than to reduce cavitation. Simulations in glycerol also showed little effect, but a slight reduction in peak max due to ͑1͒ loss at the slight acoustic impedance mismatch between water and glycerol and ͑2͒ the mismatch, and therefore reduced reinforcing, between the sound speed in glycerol and the shear wave speed in the stone.
C. Summary of results
Figures 13 and 14 show a summary of calculated results for some of the cases. Figure 13 shows peak maximum tensile stress that occurred at anytime during the simulation at every point in the field, the max stress field. Figure 14 shows an axial plot of these max stresses. The left column of Fig.  13 and the lines labeled a, b, and d in Fig. 14 show how little the stresses were changed by blocking the longitudinal wave from entering the stone or altering the distal end of the stone. In addition, stress is concentrated at the tips of cracks ͑top   FIG. 11 . Maximum principal stress induced by a 1-mm-diam fluid jet impinging upon the U30 stone surface at 100 m / s in a simulation of the fluid jet impact by a collapsing cavitation cloud as seen in Fig. 4͑a͒ . It is seen that the jet generates spherically divergent longitudinal ͑faster͒ and shear waves ͑slower͒ waves in the stone. The bottom-right image represents absolute maximum stress throughout time, the so-called max stress field. Stress is high but localized to the region of impact. Little stress is induced in the distal end where fracture occurred. However, cavitation-induced cracks in the surface may be critical to seeding fracture.
FIG. 12.
A stone etched 2 mm from the distal end fractures in a conical shape ͑right͒ as illustrated by the modeled peak stress field at t =5 s ͑left͒. Stress concentrations appear at the tip of the etched cracks. The result indicates fractures grow between the point of maximum stress and surface cracks as may be generated by cavitation as illustrated in Fig. 4͑b͒. right in Fig. 13͒ . However, the lower three frames in Fig. 13 and the lines labeled c and e in Fig. 14 show how dramatically the stress in reduced by blocking the "squeezing" wave or preventing creation of a shear wave at the corners of the proximal face. The lower right frame in Fig. 13 indicates that the squeezing wave is most important in creating the stress in that although the proximal corners are smooth and not abrupt, high stress is created and occurs near the distal end as the squeezing wave must travel over the length of the stone to generate the reinforcement and focusing.
In addition to the stress field in the stone, the negative pressures in liquid are of interest. The negative pressure of the planar shock wave is −10 MPa and is not particularly noticeable in Fig. 13 . Instead the elastic waves in the stone generate negative pressures greater than −10 MPa in the fluid around the stone. 26 At the proximal and particularly the distal end of the stones negative pressure near −50 MPa is calculated and this is where particularly large and longlasting cavitation bubbles are observed ͑Fig. 4͒. 26 In addition, faint but still strong negative pressure can be seen ringing the stone on the distal end, which presumably contributes to the band of bubbles encircling the stone.
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V. DISCUSSION AND CONCLUSIONS
A new mechanistic description of stress and fracture in cylindrical U30 stones in lithotripsy was reported. The description is that shear waves generated at corners in the boundary of the stone are reinforced by the SW in water traveling along the surface of the stone and focus to generate the highest stress in the distal end of the stone. It was argued that a fracture plane results between the maximum stress and the stone surface. The description is the result of calculation based on linear elasticity theory. Although some in the lithotripsy community have been content that energy density ͑tem-poral and spatial integral of the pressure squared divided by the focal beam width͒ 38 of the conventional lithotripsy shock wave correlates with stone comminution, 16 this model shows how the energy is applied is important and leads to different mechanisms of action. Long ago, Griffith 39 introduced an energy concept to fracture mechanics that we apply here to kidney stones and that states that the fracture growth depends on the elastic energy ͑associated with tension͒ applied to the material. However, the important energy is that associated with the tension in the stone and not the initial energy in the shock wave applied to the stone. The tension in the stone was adequately described by the model but is not simply related to the SW energy or energy density: it depends on the shock waveform as shown by Sapozhnikov and Cleveland 18 and on beamwidth as shown here as well. If the beamwidth of the lithotripter is narrower than the stone then dynamic squeezing-the dominant mechanism in this study-cannot contribute.
A series of experiments tested the result of the theoretical model versus already defined mechanisms-spallation, squeezing, and cavitation-of inducing stress in the stone. Some test results could be explained by spallation or squeezing, but other tests could not. The results of the model were consistent with all the tests. A SW beamwidth broader than the stone was critical to maximizing the stress in the stone.
FIG. 14. Distribution of the absolute maximum throughout time of the maximum principal stress ͑tension͒ along cylindrical stone axis in various test conditions: ͑a͒ standard stone, ͑b͒ baffle encircling distal end, ͑c͒ baffle encircling proximal end, ͑d͒ 4.5 mm disk on the proximal face, and ͑e͒ 6.5 mm disk on the proximal face. Blocking the longitudinal wave responsible for spallation only minimally reduces the stress, ͑d͒. Blocking generation of the shear wave ͑e͒ from the proximal corners of the stone or blocking the squeezing wave ͑c͒ that drives the shear wave results in a significant reduction in stress in the stone. FIG. 13 . Distribution of the absolute maximum throughout time of the maximum principal stress ͑tension͒ in various test stones. The max stress field is little changed by blocking the longitudinal wave entering the stone or altering the distal end of the stone as in the left column. In addition, stress is concentrated at the tips of cracks ͑top right͒. However, blocking the "squeezing" wave or preventing creation of a shear wave at the corners of the proximal face significantly reduces the stress ͑lower three frames in the right column͒. In addition, the elastic waves in the stone create high negative pressure ͑ϳ50 MPa͒ in the liquid near the proximal and distal surfaces of the stone. Cavitation may be expected in these regions and is indeed observed ͑Ref. 26͒.
Test results did not support that cavitation on the proximal end generated stress that led to fracture seen on the distal end of the stone. However, results did support that cavitation pitting on the surface led to stress concentrations from which fractures grow. It should be noted that multiple localized stresses resulting from many cavitation bubbles along the surface of the stone as seen in experiments 26 were not simulated and could possibly sum to generate considerable stress deep within the stone.
The mechanisms were specifically and rigorously defined. Although the model includes shear in general, the mechanism related to shear discussed here was shear waves generated at the boundary of the stone. Spallation is the creation of tension due by the interference of the longitudinal wave and its inverted reflection. Squeezing is a static concept of stress induced by a narrow band of pressure encircling the stone. Others have dismissed squeezing from outside the stone and attributed comminution entirely to spallation by loosely defining spallation as "shear and tear," 16 in other words all stress within the stone. However, this broad definition of spallation essentially means the comparison could be restated as stress in the stone is more important than stress outside the stone, which is obvious. Our results with the rigorous definition of the mechanisms show that shear waves reinforced by squeezing and to a small extent constructively interfering with the reflected longitudinal wave lead to the maximum stress. The location of this peak maximum principal tensile stress, not the location of the maximum stress of spallation, agrees with the location of the "spall fracture" or fracture in two at the distal end.
Our experiment was also specific. The end point was the first fracture into two pieces of a specific stone, fixed in a specific position, in specific fluid conditions, in a specific lithotripter. The controlled conditions provided for a careful test of the model and of mechanisms of breakage. The excellent correlation of calculated high stress to few shock waves to fracture and the location of high stress to the location of fracture in these controlled tests gives confidence in the model. From here, the use of the model might be extended.
For example, repeated calculations might be used to simulate the comminution process. ͑It is important to note here that one case of axisymmetric simulations shown in Figs. 6 and 8-10 takes fewer than 10 min on a 2 GHz personal computer, i.e., the modeling is fairly fast.͒ Our study neglected how the role of each mechanism may change with repetitive shock waves and stone breakage. Appearance of a crack will reflect the shock wave and prevent its propagation deeper in the stone; the stress distribution would then change. In repetitive SW application, cavitation plays two additional roles. With repetitive shock waves especially at fast clinical rates, bubbles do not have sufficient time to dissolve between consecutive shock waves, and absorption and scattering of the acoustic energy by the bubbles can reduce the pressure that reaches the stone. 31, [40] [41] [42] Also, cavitation may play an increasingly important role as stones fragment and become smaller. 43 Elastic wave propagation is suppressed as stones approach the size of a wavelength, but surface forces, such as generated by cavitation, are not a function of stone size. 18 However, a series of simulations, where perhaps the SW amplitude is diminished to simulate shielding and stone size is reduced to simulate fragmentation, may reveal how the dominant mechanism changes during treatment. The model may be used to test the parameter space of stone material, stone shapes, shock wave beamwidths, and more, in ways not reasonable by experiments. It may be gleaned from our results that the shear wave so important in the cylindrical stone would be less important in the spherical stone because shear waves were generated at sharp edges in the stone boundary. Calculations would be further refined by including a simulation of cavitation activity 31, 32 and fracture dynamics. 6 Currently, simulation could be useful in treatment planning. For example, focal beamwidth, which is adjustable on some current machines, might be changed based on a diagnostic image of the stone and a calculation of the stress produced in the stone. In the future, real-time imaging and simulation could direct changes to the beamwidth or the shock waveform during treatment.
In summary, it was reported that a theoretical model accurately described the physical mechanism leading to observed stone fracture. None of the specific mechanisms, spallation, squeezing, or cavitation, completely described the fracture. The results of the model were more useful than these descriptors.
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